Volume integral equation Fast method Forward and inverse scattering problem Fast Fourier transform Bi-CGSTAB method Wavenumber domain formulation a b s t r a c t A fast method for solving the volume integral equation is introduced for the solution of forward and inverse multiple scattering problems in an elastic 3-D full space. For both forward and inverse scattering analysis, the volume integral equation in the wavenumber domain is used. By means of the discrete Fourier transform, the volume integral equation in the wavenumber domain can be dealt with as a Fredholm equation of the 2nd kind with respect to a non-Hermitian operator on a finite dimensional vector space. The Bi-CGSTAB method is employed to construct the Krylov subspace in the wavenumber domain. The current procedure establishes a fast and simplified method without requiring the derivation of a coefficient matrix. Several numerical results validate the accuracy and effectiveness of the current method for both forward and inverse scattering analysis. According to the numerical results, the reconstruction of inhomogeneities of the wave field is successful, even for multiple scattering of several cubes.
Introduction
The analysis of elastic wave propagation and scattering is an important issue in fields such as earthquake engineering, nondestructive testing and exploration for energy resources. It is well recognized that the boundary integral equation method has played an important role in the analysis of both forward and inverse scattering problem since the 1980s. For example, Colton and Kress (1998) provided a survey of a vast number of articles on forward and inverse scattering analyses. They also presented integral equation methods for acoustic and electromagnetic wave propagation, based on the theory of operators Kress (1983, 1998) ). Recently, Guzina et al. (2003) , Fata and Guzina (2004) , Guzina and Chikichev (2007) have dealt with inverse scattering problems in elastodynamics.
The type of volume integral equation known as the Lippmann-Schwinger equation (Colton and Kress, 1998) has been an efficient tool for theoretical investigation in the field of the quantum mechanics (see, for example, Ikebe, 1960) . Recently, applications of the volume integral equation to scattering analysis have also appeared. For example, De Zaeytijd et al. (2008) presented the MLFMA-FFT method to analyze electro-magnetic waves, and Yang et al. (2008) employed a CG-FFT approach to solve elastic scatter-ing problems. Those methods established a fast algorithm to solve the volume integral equation via a Fast Fourier transform, which is used for efficient calculation of the convolution integral. This paper presents another fast method for the volume integral equation, applicable to the direct forward and inverse elastic wave scattering problems, which is an extension of the author's approach for an elastic half space (Touhei, 2009) . The starting point of the analysis is the volume integral equation in the wavenumber domain, which includes the operators of the Fourier integral and its inverse transforms. By replacing these operators with discrete Fourier transforms, the volume integral equation in the wavenumber domain can be treated as a Fredholm equation of the 2nd kind with a non-Hermitian operator on a finite dimensional vector space. The spatial differential operations with respect to the displacement field are resolved by means of a discrete Fourier transform. The Krylov subspace to approximate the solution of the equation is constructed in the wavenumber domain using the Bi-CGSTAB method and FFT. These points differ from previous volume integral equation methods such as the CG-FFT method (Yang et al., 2008) , in which the formulation is carried out in the space domain in terms of particle velocities and stress tensors.
An important property of the volume integral equation in the wavenumber domain is that it separates the scattered wave field from the fluctuation of the medium. This property yields the possibility of inverse scattering analysis. It is true that there are several methods for inverse scattering analysis that make use of the volume integral equation (for example, Kleinman and van den Berg (1992) : Colton and Kress (1998) ). In these methods, they investigate the relationship between the far field patterns and the fluctuation of the medium in the volume integral equation in the space domain. Under these circumstances, the investigation of the possibility of solving the volume integral equation in the wavenumber domain is also needed for the inverse scattering analysis.
In the following, the definition of the direct forward and inverse scattering problem dealt with in this paper is clarified. After providing an explanation of the properties of the volume integral equation in the wavenumber domain, a fast method for the forward and inverse scattering analyses is provided. Several numerical calculations are presented to validate this formulation.
Method for forward and inverse scattering analysis
2.1. Definition of the problem Fig. 1(a) shows the concept of the problem defined in this paper. A plane incident wave is propagating towards an inhomogeneous region where material properties fluctuate with respect to their reference values. The forward and inverse scattering problems dealt with in this paper can be described as follows:
Definition 1. The forward scattering problem is to determine the scattered wave field from information about the regions of fluctuation, the background structure of the wave field, and the plane incident wave.
Definition 2. The inverse scattering problem is to reconstruct the fluctuated areas from information about the scattered waves, the background structure of the wave field, and the plane incident wave.
The purpose of this section is to provide the basic equations and an integral equation to state the above problems in a mathematical way.
The wave field considered in this paper is 3-D elastic full space, in which a Cartesian coordinate system is employed. A spatial point in the wave field is expressed as:
where the subscript index indicates the component of the vector. The fluctuation of the medium is expressed by the Lamé constants so that:
where k 0 and l 0 are the background Lamé constants of the wave field, andk andl are their fluctuations. The back ground Lamé con- stants are positive and bounded. The magnitudes of the fluctuations in this paper are assumed to satisfy
Let the time factor of the wave field be expðÀixtÞ, where x is the circular frequency and t is the time. Then, the equilibrium equation of the wave field is expressed as:
where r ij is the stress tensor, @ j is the partial differential operator, q is the mass density, and u i is the total displacement field. The subscript indices i and j in Eq. (4) are the components of the Cartesian coordinate system to which the summation convention is applied. The constitutive equation showing the relation between the stress and strain tensors is as follows:
where d ij is the Kronecker delta, and ij is the strain tensor given by
Substituting Eqs. (6) and (5) into Eq. (4) yields the following governing equation for the current problem:
where L ij ð@ 1 ; @ 2 ; @ 3 Þ and N ij ð@ 1 ; @ 2 ; @ 3 ; xÞ are the differential operators constructed by the background Lamé constants and their fluctuations, respectively. The explicit forms of the operators L ij and N ij are given by
The volume integral equation can now be presented here. Assume the right side of Eq. (7) as the inhomogeneous term for the equation. Then, the solution of Eq. (7) is expressed by the following volume integral equation:
where u ðIÞ i and g ij are the plane incident wave and the Green's function, respectively, which satisfy the following equations: (14) is explained in the remainder of this section.
The Fourier transform and its application to the volume integral equation
The following Fourier integral and its inverse transforms:
play an important role in the formulation in this paper, where n ¼ ðn 1 ; n 2 ; n 3 Þ 2 R 3 is a point in the wavenumber space, x Á n is the scalar product defined by
and F and F À1 are the operators for the Fourier and its inverse transforms, respectively. In the following formulation, the symbol attached to a function is used to express the Fourier transform of the function. For example,û i denotes the Fourier transform of u i . The domain of the operators for F and F À1 defined in Eq. (15) is assumed to be L 2 ðR 3 Þ, so that the convergence of the integrals should be understood in the sense of the limit in mean. In the following formulation, the domain of F and F À1 for the Green's function is assumed to be extended from L 2 ðR 3 Þ to the distribution (Hörmander, 1983) .
The Fourier transform of the equation for the Green's function defined by Eq. (12) becomes
Eq. (17) leads tô g ij ðn; yÞ ¼ 1 ffiffiffiffiffiffi 2p p 3 expðÀin Á yÞĥ ij ðnÞ ð 18Þ
whereĥ ij ðnÞ is expressed bŷ
In Eq. (19), m 0 is the Poisson ratio obtained from the back ground Lamé constants k 0 and l 0 ; k L and k T are the wavenumber of the P and S waves obtained from
jnj 2 is given by
and is the infinitesimally small positive number. Now, let us investigate the Fourier transform of function w i given in the form
to obtain the Fourier transform of the volume integral equation. Note that f j ðyÞ is in SðR 3 Þ, that is, the space of rapidly decreasing functions (Reed and Simon, 1975 ). An interchange of the order of integration yields
In particular, the Fourier transform of w i can be separated into the product ofĥ ij andf j . Based on literature (Hörmander, 1983) , f j can be extended to distributions with compact support. According to Eq. (23), the Fourier transform of the volume integral equation shown in Eq. (14) becomes:
In the case where an explicit form of the plane incident wave is provided, N jk u ðIÞ k shown in the right side of Eq. (24) can be simplified. As an example, a plane incident pressure (P) wave propagating along the x 3 axis has the following form:
where a is the amplitude of the P wave potential. In this case, N jk u ðIÞ k can be expressed as
Note that n p is the wavenumber vector of the plane incident wave whose components are:
As a result, Eq. (24) can be rewritten aŝ v i ðnÞ ¼ Àĥ ij ðnÞq j ðn À n p Þ Àĥ ij ðnÞðFN jk F À1v k ÞðnÞ ð 29Þ
A method for forward and inverse scattering analysis is developed in the following based on Eq. (29).
Method for forward scattering analysis
At this point, let us rewrite Eq. (29) in the following form:
wheref i is given bŷ
which can be treated as a given function and A ik is the linear operator such that
Eq. (30) shows clearly a Fredholm integral equation of the second kind, in which the linear operator is constructed by the multiplication operatorĥ ij , the Fourier and its inverse transforms, and the differential operator N jk . For the actual numerical calculations in this paper, the Fourier and its inverse transforms are dealt with by means of the discrete Fourier transform. Naturally, the discrete Fourier transform is evaluated by means of an FFT. Let us denote the operators for the discrete Fourier transforms as F D and F À1 D . For the operators F D and F À1 D , the subsets in R 3 below are defined as follows:
These subsets define a finite number of grid points, where Dx j ; ðj ¼ 1; 2; 3Þ is the interval of the grid in the space domain, Dn j ; ðj ¼ 1; 2; 3Þ is the interval of the grid in the wavenumber space, and N 1 ; N 2 and N 3 are sets of integers defined by
where ðN 1 ; N 2 ; N 3 Þ defines the number of grid points in R 3 . For the discrete Fourier transform, note that there is a relation between Dx j and Dn j such that
The explicit form of the discrete Fourier and its inverse transforms are expressed as 
where Dx and Dn are denoted by
and x ðkÞ and n ðlÞ expressed by
are the points in D x of the kth grid and in D n of the lth grid, respectively. In addition, u D andû D are the discrete functions defined on the grids D x and D n . Based on the discrete Fourier transform, a calculation for the derivative of a function is made possible. For example, @ j f ðxÞ is expressed by
Therefore, treatments for the operator N jk are also made possible by the discrete Fourier transform. Let N ðDÞjk be the discretization of the operator for N jk by means of the discrete Fourier transform. Then, the discretization for the operator A ij is defined by
As a result of the discretization, Eq. (30) becomeŝ v ðDÞi ðnÞ ¼f ðDÞi ðnÞ À A ðDÞijv ðDÞj ðnÞ ðn 2 D n Þ ð 42Þ
The domain and range of the linear operator in Eq. (41) are in the set of functions defined on finite number of grids in the wavenumber space D n . Namely, the domain and range for the operator are finite dimensional vector spaces. Note that the operator N ðDÞjk included in A ðDÞij is bounded since the differential operations are approximated by the discrete Fourier transform. In the case that the domain and range of operator are finite dimensional vector spaces, the operator has matrix representations (Kato, 1980) . Based on this result, a treatment for the linear algebraic equation such as the Krylov subspace iteration method (Barrett et al., 1994) is applicable to Eq. (42). It is known that the Krylov subspace iteration methods have been developed for systems of algebraic equations in matrix form:
where A is the matrix, x and b are unknown and given vectors, respectively. The Krylov subspace is defined by
where m is the number of iterations. The Krylov subspace iteration method determines the coefficients of the recurrence formula to approximate the solution from the orthonormal basis of K m during the iterative procedure. Note that matrix A can be regarded as the linear transform on a finite dimensional vector space. In this aspect, the construction of the Krylov subspace is possible, even if the linear transform is constituted by the discrete Fourier transforms. Namely, it is possible to solve Eq. (42) by the Krylov subspace iteration method, where the construction of the Krylov subspace is carried out by FFT. As a result, a fast method for the volume integral equation without the derivation of the matrix is expected to be established. The current method is also expected to use less computer memory for numerical analysis. Since the operator A ðDÞij is non-Hermitian due to the presence of N ðDÞjk , the Bi-CGSTAB method (Barrett et al., 1994) is selected to solve Eq. (42). The algorithm for the Bi-CGSTAB method is shown in Fig. 2 , where (n+1) denotes the parameter for the number of iterations. In the following numerical examples, the number of iterations will be discussed by means of the parameter (n+1).
Method for inverse scattering analysis
According to Eq. (27) the explicit form ofq j ðn À n p Þ shown in the first term of the right side of Eq. (29) becomes:
It is found from Eq. (45) thatq j is the function describing the fluctuation of the medium. Therefore, the inverse scattering analysis becomes possible ifq j is obtained from Eq. (29) after the scattered wave fieldv i and the background structure of the wave field represented byĥ ij have been provided. We introduce the vector Q i such that q i ðxÞ ¼ ak 
whereĉ j is defined bŷ
Next, let the second term of Eq. (46) be modified, thus:
where M jk is the differential operator determined by the scattered wave field. The remainder of this section is on how to obtain an explicit form for M jk , so that Eq. (46) can be used for obtaining b Q , which makes an estimation for fluctuation of the medium possible.
To obtain the explicit form for M jk , define a j ¼ N jk v k , which can be expressed as
where D v and g j are defined by
and jk is the strain tensor due to the scattered wave field defined by Eq. (6). Let the separation of the fluctuation of the medium and the scattered wave field for a j be denoted by
where p k is the state vector for the fluctuation of the medium whose components are
and m jk is the differential operator including the effects of the scattered wave field so that
Likewise, let the separation of the fluctuation of the medium and the scattered wave field for Q j defined by Eq. (27) be denoted by
where j jk is also the operator including the effects of the scattered wave field so that:
According to Eqs. (54) and (55), the formal representation of the relation between p j and Q j becomes
where s jk is the inverse of j jk whose components are
Based on Eqs. (51) and (54), the following relation can be derived:
As a result, the operator M jk defined by Eq. (48) can be constructed as follows:
By means of the operator, Eq. (46) is modified into Fig. 2 . Algorithm for the Bi-CGSTAB method.
At this point, we have two tasks for Eq. (60). One is to modify Eq. (60) into the form of a Fredholm equation of the second kind. The other goal is to clarify the treatment of the operator s jk , which includes @ À1 2 and ð@ 3 þ ik L Þ À1 . To modify Eq. (60) into a Fredholm equation of a second kind, the shift operator Sðn p Þ defined by
is introduced. An explicit form of the shift operator is possible in terms of the Fourier transform, so that
Application of the shift operator to both sides of Eq. (60) leads to
which clearly has the form of a Fredholm equation of the second kind.
To clarify the treatments of @ À1 2 in s jk , consider the following equation:
Formally, it is possible to write the solution of the equation as
where H is the unit step function. It is clear that H 2 S 0 ðRÞ, where S 0 is the set of tempered distributions (Reed and Simon, 1975) . Therefore, the Fourier transform of H is defined by
where u 2 S. The last term of Eq. (66) yields,
As a result, the Fourier transform of H can be expressed as b 
where p.v. denotes Cauchy's principal value. Eq. (68) can also be expressed as (Friedlander and Joshi, 1998) 
and therefore, the Fourier transform for uðxÞ in Eq. (65) becomeŝ uðnÞ ¼ 1
The treatment for @ À1 2 is resolved by means of Eq. (73), which is represented by
Likewise, we obtain
As can be seen from Eqs. (74) and (76), @ À1 2 and ð@ 3 þ ik L Þ À1 in the operator s ij can be dealt with and resolved in terms of the Fourier transform. As a result of the above procedure, the treatments of the differential operator M ij defined by Eq. (48) can also be handled by the Fourier transform. After all, as in the formulation for the forward scattering problem, Eq. (63) can be discretized into the following form:
where B ðDÞij is the operator expressed by
The Krylov subspace iteration technique is also applied to Eq. (77) in the analysis. As a result of the above procedure, a fast method for the analysis of the inverse scattering is expected to be established.
Numerical examples

Verification of the method for the volume integral equation
As the first numerical example in this paper, we examine the accuracy of the current method by calculating the solution to a simple forward scattering problem. The region of fluctuation for the current model is assumed to have spherical symmetry, which enables us to compare the current solution using a spherical harmonics expansion. The fluctuations of Lamé constants having spherical symmetry for the numerical model are set as
where A k ; A l ; f k and f l are the parameters for describing the amplitudes and spatial spreads of the fluctuations.
To construct a solution for the wave problem by means of spherical harmonics, the following Stokes-Helmholtz decomposition, making use of the spherical coordinate system ðr; h; uÞ, is employed:
where u is the displacement vector, r is the gradient operator and U; W and X are the potentials for the P, SV and SH waves, respectively. The spherical harmonic expansions for these potentials are as follows: 
where P n denote Legendre polynomials, h ðsÞ n ; ðs ¼ 1; 2Þ is the spherical Hankel function of nth order, a n ; b n and c n are the functions for r, whose superscript " and # indicate the out-going and in-coming waves, respectively, and j T and j L are the S and P wavenumbers, respectively for the scattered wave field. The functions a n ; b n and c n are determined by the governing equation, the radiation condition, the boundedness of the wave field at the origin of the wave field, and the potential of the incident P wave propagating along the x 3 axis, which can be expanded as
ð2n þ 1Þi n j n ðk L rÞP n ðcos hÞ ð 82Þ
where k L is the wavenumber of the P wave for the background structure of the wave field, and j n is a spherical Bessel function of the first kind of nth order. For the numerical analysis, the parameters for describing the fluctuations are set as
The background structure of the wave field for the Lamé constants is set such that k 0 ¼ 4 GPa; l 0 ¼ 2 GPa and the mass density is set at q ¼ 2 g=cm 3 . The background velocity of the P and S waves are 2 and 1 km/s, respectively. The analyzed frequency f ¼ 1 Hz, the amplitude of the potential for the incident P wave is A ¼ 1:0Â 10 5 cm 2 , intervals of the grids in the space domain for the discrete Fourier transform are set by Dx j ¼ 0:25 ðkmÞ; ðj ¼ 1; 2; 3Þ and the numbers for the grids are set as N j ¼ 256 ðj ¼ 1; 2; 3Þ. As a result, the intervals of the grid in the wavenumber space become Dn j ¼ 2p=ðN j Â Dx j Þ % 0:098 km À1 . In addition, for Green's function in the wavenumber domain shown in Eq. (19) is set to 0.2. Fig. 1(b)-(d) show the spatial spread of the fluctuation in the x 1 À x 2 ; x 1 À x 3 and x 2 À x 3 planes for the numerical model, in which the gradual variation of Lamé constants can be seen inside a circle of radius 6 km. This radius of the region of fluctuations is three times larger than the P wave length of 2 km. Fig. 3 shows a comparison of the current solution with the spherical harmonics expansion for the scattered displacements fields at the x 3 ¼ 4 km plane and along the x 3 axis, respectively.
It can be seen from Fig. 3(b) that the amplitudes of the backward scattering are very small. The scattering waves are amplified inside the region of fluctuation and tend to propagate to the forward region. According to the figure, these two solutions are in good agreement. These numerical results validate the accuracy of the current formulation. As mentioned before, the Bi-CGSTAB method is selected here from the Krylov subspace iteration methods. The relation between the relative error and the number of iterations during the iterative process is shown in Fig. 4 . The relative error r during the iteration is defined as
which is equivalent to kr ðnþ1Þ k=kbk shown in Fig. 2, where n is the number of iteration. The rapid decrease of the relative error can be seen in Fig. 4 , which indicates that only two iterations resulted in a relative error less than 1:0 Â 10 À5 . The CPU time needed for the two iterations was only 2 min, for which an AMD Opteron 2.4 GHz processor and the ACML library for FFT (http://developer.amd.com/ cpu/Libraries/acml) was used.
Analysis of multiple scattering due to smooth fluctuations
Next, we investigate a multiple scattering problem arising from smooth fluctuations of the wave field. The smoothness of the fluctuations implies that they have continuous spatial derivatives. The fluctuations in the x 1 À x 2 and x 1 À x 3 planes are shown in Fig. 5 , where the maximum amplitudes ofk andl are 0.18 GPa. The background structure of the wave field, the analyzed frequency, and the interval of the grids for the discrete Fourier transform are the same as those for the previous numerical example. Fig. 6(a) and (b) shows the amplitudes of the scattered waves in the x 1 À x 2 and x 1 À x 3 planes, respectively. According to Fig. 6 (a) , the scattered waves are prominent in the regions where fluctuations of the medium are present. The regions for high amplitudes of the scattered waves are found to be separated due to the locations for the fluctuations of the medium. Therefore, the effects of multiple scattering are not very significant here. The reflection of the waves due to the incident wave is found to be small because of the smooth fluctuations. According to Fig. 6(b) , forward scattering is noticeable with the narrow directionality in the x 3 direction. Interference of the scattered waves can be found in the far field range of regions of the fluctuation.
The spectral structure of the scattered waves in the n 1 À n 2 and n 1 À n 3 planes are shown in Fig. 6(c) and (d) , respectively. According to Fig. 6(c) , the scattered waves propagating in the x 1 À x 2 plane are produced by the P wave, and waves whose wavelength is longer than that of the P wave. In addition, the component of the P Fig. 10 . Analyzed model of discontinuous fluctuations. Fig. 11 . Results of the forward scattering analysis due to discontinuous fluctuations. wave whose wavenumber is 3:14 km À1 is noticeable in Fig. 6(c) .
The reason is due to the fact that the incident wave is the P wave and the fluctuations of the medium are stiffer compared to the background structure. According to Fig. 6(d) , the spectrum of the scattered waves in n 1 À n 3 plane is found to be localized in a very narrow region with a very high amplitude. The spectrum in this localized region describes a P wave propagating along the x 3 direction. This spectral structure helps to explain the properties of Fig. 6(b) . The convergence of solutions for the analysis based on the Bi-CGSTAB method is shown in Fig. 7 . A rapid decrease in the relative error can be found in Fig. 7 . The speed of the decrease in the relative error here is almost the same as the result shown in Fig. 4 . Namely, only two iterations were required to make the relative error less than 1:0 Â 10 À5 .
The results of the inverse scattering analysis in the x 1 À x 2 and
x 1 À x 3 planes are shown in Fig. 8 . For the analysis, for expressing @ À1 2 and ð@ 3 þ ik L Þ À1 in the operator M jk was set to 0.01. It is seen from Fig. 8 that the amplitudes and the locations for the fluctuations were successfully reconstructed from the scattered wave field. Namely, Eq. (77) is effective and available for the inverse scattering analysis in the case where the whole of the scattered wave field is provided. Fig. 9 shows the convergence of the relative error during the inverse scattering analysis. For a comparison, the GCR method is also employed for the analysis. It is found from Fig. 9 that the Bi-CGSTAB method does not show very good convergence properties after several iterations, when compared to the GCR method. Therefore, it would be convenient for us to have several alternative iterative methods for the analysis by means of the present method. Fig. 13 . Results of the inverse scattering analysis due to discontinuous fluctuations.
Analysis of multiple scattering due to discontinuous fluctuations
Finally, a multiple scattering problem due to discontinuous fluctuations is investigated. The analyzed model is shown in Fig. 10 , in which the fluctuations of the medium are determined by several cubes, and the incident P wave propagates along the x 3 axis. The expression for the fluctuations is given bỹ
where N f is the number of cubes, A k i and A l i are the amplitudes of the fluctuations for the Lamé constantsk andl, respectively, and v Q i is the characteristic function defined by
Note that Q i in Eq. (85) denotes a cubical region in R 3 . For the analysis, the background Lamé constants, the intervals, the number of grid points in the space and the wavenumber domain, the analyzed frequency, the amplitude of the incident P wave, and for Green's function are the same as those in the previous numerical example. The amplitude of the fluctuation in the cubes is 0.1 GPa. As can be seen in Eq. (9), the derivative of the Lamé constants are required for the volume integral equation. The spatial derivatives of the Lamé constants are approximated by the discrete Fourier transform as shown in Eq. (40).
The results of the forward scattering analysis are shown in Fig. 11(a) and (b) . The amplitudes of the scattered waves in the x 1 À x 2 and x 1 À x 3 planes are presented here. According to Fig. 11(a) , the scattered waves can be seen mostly in the regions where the fluctuations are present. The high amplitudes regions for the scattered wave field are almost separated due to the locations for the fluctuations of the medium. This shows that the reflections of the waves at the surface boundaries of the cubes are not very strong. In particular, the effects of multiple scattering are not very significant here. It is found from Fig. 11(b) that the amplitudes for the forward scattering are noticeable in the x 1 À x 3 plane. The directionality of forward scattering is wider compared to the results due to the smooth fluctuations shown in Fig. 6(b) . The reason for this is that the scattered waves are caused not only by the surfaces on the forward side, but also at the corners of the cubes. Note that the size of the cubes for the current analysis is small compared to the wavelength of the wave field. Therefore, the amplitude itself for the scattered waves is smaller compared to the previous results shown in Fig. 6(a) and (b). Due to the same reason, the effects of multiple scattering as well as those of backward scattering are small.
The spectral structure of the scattered waves in the n 1 À n 2 and n 1 À n 3 planes are shown in Fig. 11(c) and (d) , respectively. According to Fig. 11(c) , the wavenumber for the S wave, (i.e., 6:28 km À1 ), is found to be prominent. Namely, the scattered waves propagating in the x 1 À x 2 plane are almost the S wave itself. Those waves are caused by the incident P wave on the lateral surfaces of the cubes. On the other hand, the wavenumber for the P wave is prominent in the n 1 À n 3 plane. Therefore, the scattered waves on the forward side in the x 1 À x 3 plane are found to be P waves. The spread of the spectrum for the P wave in Fig. 11(d) explains the wide directionality of the propagation of the scattered waves The relation between the relative error and the iteration number during the iterative process for solving the forward problem is shown in Fig. 12 , in which a rapid decrease in the relative error can also be seen.
The results of the inverse scattering analysis are shown in Fig. 13 for the x 1 À x 2 and x 1 À x 3 planes. It is found in Fig. 13 that the locations and amplitudes for the fluctuations of the medium are successfully reconstructed. Therefore, the current method is effective even for the identification of discontinuous fluctuations of the wave field if the whole of the scattered wave field is provided. The convergence of the solution during the iterative process is shown in Fig. 14. The convergence properties are compared by the Bi-CGSTAB and GCR methods. The convergence properties for both Bi-CGSTAB and GCR are very good. Note that the convergence properties of the Bi-CGSTAB method in Fig. 14 are found to be better than those in Fig. 9 . One of the reasons for this is that the amplitudes and spreads of the scattered wave field due to the smooth fluctuations were larger than those of the current wave field.
For inverse scattering analysis in a practical situations, the whole of the scattered wave field is approximated from the limited observed data. Further investigations and discussions would be required in the future for inverse scattering analysis. For example, estimations of the wave field by means of the far field patterns and asymptotic expansion would be necessary for the volume integral equation in these situations.
For both the forward and inverse scattering analysis, the required CPU time depends on the number of grid points in R 3 , the number of iterations, and the employed solver. Throughout the numerical calculations in this paper, the CPU time was only 2 min if the Bi-CGSTAB method and two iterations were adopted.
Conclusion
A fast method for the volume integral equation applicable to both forward and inverse scattering analysis has been developed in this paper. The starting point of the formulation was the volume integral equation in the wavenumber domain. The discrete Fourier transform resolved the problem of the differential operations required in the volume integral equation and as a result a non-Hermitian linear operator on a finite dimensional vector space was defined and utilized. The Bi-CGSTAB method and FFT were applied to solve the integral equation in the wavenumber domain. The calculation of a coefficient matrix, which consumes vast amounts of memory, was not necessary. The mathematical advantage of the volume integral equation in the wavenumber domain was that it directly showed the relation between the fluctuation of the medium and the scattered wave field. The formulation for inverse scattering analysis made use of this. The shift operator was introduced into the integral equation for inverse scattering analysis to modify the equation into a Fredholm equation of the second kind. According to the numerical examples, a fast and accurate method for the volume integral equation was established. For example, the CPU time to have accurate solutions was only 2 min. The reconstruction of inhomogeneities of the wave field was also successful even for multiple scattering of several cubes.
